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Bending Stress on a Beam: Introduction to bending stress on a beam 

with application, Theory of Simple bending, assumptions in pure 

bending, derivation of flexural formula, Moment of inertia of common 

cross section (Circular, Hollow circular, Rectangular, I & T), Bending 

stress distribution along the same cross-section

Shear Stress on a Beam: Introduction to transverse shear stress on a 

beam with application, shear stress distribution diagram along the 

Circular, Hollow circular, Rectangular, I & T cross-section

Slope & Deflection on a Beam: Introduction to slope & deflection on a 

beam with application,



Session I: Stresses in Machine 

Elements 
Bending Stresses: 

 Theory of simple bending with assumptions 

 Derivation of flexural formula 

 Second moment of area of common cross sections 

(rectangular, I,T,C ) with respect to centroidal and parallel 

axes

 Bending stress distribution diagrams

 Moment of resistance and section modulus



Theory of simple bending

The conditions for using theory of simple bending are:
1. The beam is subjected to pure bending
2. Shear force is zero
3. No torsional or axial loads are present
4. Material is isotropic (or orthotropic) and homogeneous



Assumptions

 Beam is initially straight and has a const. cross-section

 Beam is made up of homogeneous material (isotropic)

 Beam has a longitudinal plane of symmetry

 Geometry of the beam is such that bendingis the primary cause of failure

not buckling Elastic limit is nowhere exceeded

 E is same in tension and compression

 Plane cross-section remains plane before and after bending

 The radius of curvature is large compared with the dimensions of the 

cross-section. 



Beam Contd.



Theory of Simple Bending
Neutral layer or surface (N-N):
A layer which is neither shortened nor 
elongated 

Neutral axis (N-A): 
line of intersection of neutral layer on 
a cross-section of beam is known as 
neutral axis 

Below NN: Tension, Above NN: Compression 

The amount by which a layer increases or decreases in length, depends upon 
the position of the layer w.r.t. N-N. This theory of bending is known as 
theory of simple bending. 

R = Radius of neutral layer N’-N’.
θ = Angle subjected at O by A’B’ and C’D’ produced.
y = Distance from the neutral layer.  







Second Moment of Area
 Taking an analogy from the mass moment of inertia, the 

second moment of area is defined as the summation of areas 

times the distance squared from a fixed axis

 This property arised while we were driving bending theory 

equation

 This is also known as the moment of inertia

 An alternative name given to this is second moment of area, 

because the first moment being the sum of areas times their 

distance from a given axis and the second moment being the 

square of the distance

 Term:          is called second moment of area



Second Moment of Area contd.
Consider any cross-section having small element of area dA.

Then By Definition,
Ix(Mass Moment of Inertia about x-axis =

Iy(Mass Moment of Inertia about y-axis =

Now the moment of inertia about an axis through ‘O' and perpendicular to 
the plane of figure is called the polar moment of inertia (J). 
(The polar moment of inertia is also the area moment of inertia). 
The polar moment of inertia is given by

The relation (1) is known as the perpendicular 
axis theorem and may be stated as follows:

The sum of the Moment of Inertia about any two axes 
in the plane is equal to the moment of inertia about 
an axis perpendicular to the plane, the three axes 
being concurrent, i.e, the three axes exist together.



Second Moment of Area contd.



Section Modulus and Moment of 

Resistance
It is the ratio of moment of inertia of a section about the neutral axis to the 

distance of the outermost layer from the neutral axis. 

I = M.O.I. about neutral axis 
ymax = Distance of the outermost layer from the neutral axis 

Hence moment of resistance offered by the section is maximum when Z is 

maximum. Hence Z represents the strength of the section. 



Section Modulus



Procedures for determining bending stresses
Stress at a Given Point

1. Use the method of sections to determine the bending moment M at the 

cross section containing the given point.

2. Determine the location of the neutral axis.

3. Compute the moment of inertia I of the cross- sectional area about the 

neutral axis. ( If the beam is standard structural shape, its cross- sectional 

properties are listed in Appendix B. P501)

4. Determine the y-coordinate of the given point. Note that y is positive if the 

point lies above the neutral axis and negative if it lies below the neutral 

axis.

5. Compute the bending stress from σ = -My/I. If correct sign are used for M 

and y, the stress will also have the correct sign (tension positive 

compression negative).

















Example 1: I-Section





Example 2:



Example 3:



Example 4:



































Shear Stresses

Shear force is related to change in bending moment between adjacent 

sections. 

Cut-out section from a beam 



Problem 1: Derivation of Shear stress in 

rectangular cross-section 
Derive an expression for the shear stress distribution in a beam of solid 
rectangular cross-section transmitting a vertical shear V. 

Fig. C/S area of the beam 

A longitudinal cut through the beam at a 
distance y1 from the neutral axis, isolates 
area klmn. (A1). 

Shear stress, 

Fig. Shear Stress distribution 



Max Shear Stress occurs at the NA and this can be found by putting y=0 in 
the  Eq. (1). 

Problem 1: Derivation of Shear stress in 

rectangular cross-section contd. (Max. )



Problem 2: A vertical shear force of 1KN acts on the 

cross section shown below. Find the shear at the 

interface (per unit length) 



Problem 3: A 6m long beam with a 50 mm × 50 mm 

cross section is subjected to uniform loading of 

5KN/m. Find the max shear stress in the beam 



Problem 4: The cross section of an I beam is shown 

below. Find the max.shear stress in the flange if it 

transmits a vertical shear of 2KN. 



Need
In all practical engineering applications, when we use the 
different components, normally we have to operate them within 
the certain limits

Constraints are placed on the performance and behavior of the 
components

For instance we say that the particular component is supposed to 
operate within this value of stress and the deflection of the 
component should not exceed beyond a particular value

In some problems the maximum stress however, may not be a 
strict or severe condition but there may be the deflection 
which is the more rigid condition under operation



Deflection and Slope

Deflection is a term that is used to describe the degree to
which a structural element is displaced under a load

Slope is the angle made by tangent drawn to deflected shape 
with the original shape



Elastic Curve

 The deflection diagram of the longitudinal axis 

that passes through the centre of each cross-

sectional area of the beam

 Support that resist a force, such as pinned, 

restrict displacement

 Support that resist a moment such as fixed, 

resist rotation or slope as well as 

displacement



Relation Between B. M. And Slope

Assumption: 

1. Stress is proportional to strain i.e. hooks law applies. Thus, 

the equation is valid only for beams that are not stressed 

beyond the elastic limit. 

2. The curvature is always small. 

3. Any deflection resulting from the shear deformation of the 

material or shear stresses is neglected. 

4. Deflections due to shear deformations are usually small 

and hence can be ignored. 





































































Basic methods to find deflection 

for statically determinate beams:



Double Integration Method

• The first English language description of the method was by 

Macaulay.

• The actual approach appears to have been developed by 

Clebsch in 1862

• The double integration method is a powerful tool in solving 

deflection and slope of a beam at any point because we will 

be able to directly work on the equation of the elastic curve.

A technique used in structural analysis to determine the 

deflection of Euler-Bernoulli beams



Double Integration Method

90

Sign Convention

Positive Bending
Negative Bending

Assumptions and Limitations

• Deflections caused by shearing action negligibly small compared 

to bending

• Deflections are small compared to the cross-sectional dimensions 

of the beam

• All portions of the beam are acting in the elastic range

• Beam is straight prior to the application of loads



Double Integration Method
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The governing differential equation is defined as 

Where A and B are constants of integration to be evaluated from the 
known conditions of slope and deflections for the particular value of x.



Example 1
Case 1: Cantilever Beam with Concentrated Load at the end:-

A cantilever beam is subjected to a concentrated 
load W at the free end, it is required to determine 
the deflection of the beam 

Consider any X-section X-X 
located at a distance x from the 
left end or the reference

The expressions for the shear force 
abd the bending moment 



The constants A and B are required to be found out by utilizing the boundary 
conditions as defined below 

i.e at x= L ; y= 0 -------------------- (1) 
at x = L ; dy/dx = 0 -------------------- (2) 

Example 1: Case 1

Utilizing the second condition, the value 
of constant A is obtained as



Example 1: Case 2
Case 2: A Cantilever with Uniformly distributed Loads:-

In this case the cantilever beam is subjected to 
U.d.l with rate of intensity varying w/length. The 
same procedure can also be adopted in this case 

Boundary conditions 
relevant to the problem 
are as follows: 
1. At x = L; y = 0 
2. At x= L; dy/dx = 0 
The second boundary 
conditions yields 



Example 1: Case 3
Case 3: Simply Supported beam with uniformly distributed Loads

In this case a simply supported beam is 
subjected to a uniformly distributed load whose 
rate of intensity varies as w/length. 

In order to write down the 
expression for bending 
moment consider any cross-
section at distance of x metre 
from left end support



Example 1: Case 3
Boundary conditions which are relevant in this case are that the deflection 
at each support must be zero.

i.e. at x = 0; y = 0 : at x = l; y = 0 

Let us apply these two boundary conditions on equation (1) because the 
boundary conditions are on y, This yields B = 0. 

In this case the maximum deflection will 
occur at the centre of the beam where x = 
L/2 [ i.e. at the position where the load is 
being applied ].So if we substitute the value 
of x = L/2 



i. The value of the slope at the position where the deflection is maximum 
would be zero. 

ii. The value of maximum deflection would be at the centre i.e. at x = L/2. 

The final equation which is governs the deflection of the loaded beam in 
this case is

Example 1: Case 3
Conclusions: 

By successive differentiation one can find the relations for slope, bending 
moment, shear force and rate of loading

Deflection (y) 



Slope (dy/dx) 

Example 1: Case 3

Bending Moment 

Shear force is obtained by taking third derivative. 

Rate of intensity of loading 



Example 2: Cantilever Beam



Example 2: Cantilever Beam



Mac-Caulay’s Method

Mac-Caulay’s method is a means to find the equation that 

describes the deflected shape of a beam

From this equation, any deflection of interest can be found

Mac-Caulay’s method enables us to write a single equation for 

bending moment for the full length of the beam

When coupled with the Euler-Bernoulli theory, we can then 

integrate the expression for bending moment to find the 

equation for deflection using the double integration method.


